In this paper, we present the generalized Huff curves that contain Huff's model as a special case. First, it is proved that every elliptic curve with three points of order 2 is isomorphic to a generalized Huff curve. Then, the fast and explicit formulae are derived for generalized Huff curves in projective coordinates. This paper also enumerates the number of isomorphism classes of generalized Huff curves over finite fields. Finally, the explicit formulae are presented for the doubling step and addition step in Miller's algorithm to compute the Tate pairing on generalized Huff elliptic curves.
Introduction
The elliptic curve cryptosystem was independently proposed by Koblitz [1] and Miller [2] , which relies on the difficulty of discrete logarithmic problem in the group of rational points on an elliptic curve. One of the main operations and challenges in elliptic curve cryptosystems is the scalar multiplication. The speed of scalar multiplication plays an important role in the efficiency of the whole system. Elliptic curves can be represented in different forms. To obtain faster scalar multiplications, various forms of elliptic curves have been extensively studied in the last two decades. Some important elliptic curve families include Jacobi intersections, Edwards curves, Jacobi quartics, Hessian curves, etc. Recently, Joye, Tibouchi, and Vergnaud [3] revisited a model for elliptic curves over Q introduced by Huff [4] in 1948. They presented fast and explicit formulae for point addition and doubling on Huff curves. They also addressed in Ref. [3] the problem of the efficient evaluation of pairings over Huff curves such as completeness and independence of the curve parameters.
To study the elliptic curve cryptosystem, one need first answer how many curves there are up to isomorphism, because two isomorphic elliptic curves are the same in the point of cryptographic view. Thus, it is natural to count the isomorphism classes of some kinds of elliptic curves. Some formulae about counting the number of the isomorphism classes of general elliptic curves over a finite field can be found in literatures, such as Refs. [5] [6] [7] [8] .
In this paper, we present generalized Huff curves ( 1) ( 1) ax y by x − = − as a special case. First, we propose every elliptic curve with three points of order 2 is isomorphic to a generalized Huff curve. Then, we propose fast explicit formulae for generalized Huff curves in projective coordinates. These explicit formulae for addition and doubling are almost as fast in the generalized case as they are for the Huff curves. This paper also enumerates the number of isomorphism classes of generalized Huff curves over finite fields. Finally, we present explicit formulae for the doubling and addition steps in Miller's algorithm to compute the Tate pairing on generalized Huff elliptic curves.
Throughout this paper, K will be a field and q F a finite field with q elements. The algebraic closure of K is denoted by K .
Generalized Huff Curves
In Ref. [3] , Joye et al developed an elliptic curve model introduced by Huff [4] in 1948 to study a Diophantine problem. The Huff's model for elliptic curves is given by the equation 2 2 ( 1) ( 1) ax y by x − = − . They also presented an addition formula on Huff curves. Using (0 0 1) : : as the neutral element, the addition formula was given by
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, where • Huff Curves and Twisted Jacobi Intersections Curves Twisted Jacobi intersections elliptic curves were introduced in Ref. [10] . A twisted Jacobi intersections elliptic curve over the field K is defined by the affine equations 
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Actually, as proposed in Ref. [3] , Huff [4] considered rational distance sets S with some forms. Such a point must then satisfy the equations 2 2 2 x a u + = and 
It is smooth if and only if 2 2 a b ≠ and 0 ab ≠ according to Theorem 1 in Ref. [10] .
• Huff Curves and Twisted Edwards Curves In Ref. [11] , it is proved that every Edwards curve 
The map is not defined everywhere. However, these maps can be extended to give an everywhere-defined isomorphism between the respective desingularized projective models. The extended map takes the neutral element to the neutral element; hence, ϕ and 
Enumeration of Isomorphism Classes
Let E be an elliptic curve over a field K given by a Weierstrass equation It is clear that any generalized Huff curve is isomorphic to a Legendre curve over algebraic closure q F . Hence, we get the following theorem [8, 12] . 
( 1 ) x a y a / + , / , where t b a = / , we get the following theorem [8] . 
Theorem 4 Suppose
+  , ≡ ,   +  , ≡ ,  =  +  , ≡ ,   −  , ≡ . 
Arithmetic on Generalized Huff Curves
Let C be a nonsingular cubic curve defined over a field K , and let O be a point on ( ) C K . For any two points P and Q , the line through P and Q meets the cubic curve C at one more point, denoted by PQ . With a point O as zero element and the chord-tangent composition PQ , we can define the group law P Q + by ( ) P Q O PQ + = on ( ) C K that is made into an Abelian group with O as zero element and ( )
If O is an inflection point then P PO − = and OO O = .
Addition Law
Let y x λ μ = + denote the line joining 
We claim that the third intersection point 3 3 ( ) x y , of the tangent line at P has coordinates
x ay y bx x y bx ay bx ay
Noting that the slope of the tangent line at P is 
The formula (3) 
Doubling on
. By formula (2), the following algorithm compute , and 1 b / respectively. as the neutral element, from Section 3.1, the doubling formula is 
The following doubling formula cost only 5 6 6 + + m s c. , can be performed as
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The projective addition formulae independent of a b
, can be performed as 1 
The above addition formula requires 12 2 + m s , which can be obtained by letting 
. 
The rational function P f can be computed in polynomial time by using Miller's algorithm [13] . Let n = denotes the sum of R and P on E, and additions of the form ( ) ( ) R P + denote formal additions in the divisor group. The Miller's algorithm is as follows:
Pairing Formulae for Generalized Huff Curves
In this section we present the addition step and doubling step in Miller's algorithm for the generalized Huff curve a b H , . Let ( ) q P R E F , ∈ and let R P l , denote the rational function vanishing on the line through P and R . In general, for { } S R P ∈ , , the function R S g , for cubic curves in projective coordinates is given as the fraction of the usual line functions by It is common to represent the point ( ) [14, 15] . Let ( ) q P R E F , ∈ and let R P l , denote the rational function vanishing on the line through P and R . We have ( ) ( ) ( )
where λ is the ( ) 
where T is the third point of intersection of the line through P and R with the curve. The rational function R P g , can be written as
Thus, only the numerator needs to be considered, as all multiplicative contributions from 
.3 Addition Step
In the addition step, the ( ) y z , -slope of the line through ( )
. Therefore, we can rewrite the line function as ( )
Full addition
We can see that all values depend only on P and Q . In particular we can precompute 
Conclusion
In this paper, we present the generalized Huff curves that contain Huff's model as a special case. First, we propose that every elliptic curve with three points of order 2 is isomorphic to a generalized Huff curve. Then, we propose fast explicit formulae for generalized Huff curves in projective coordinates. The number of isomor-phism classes of generalized Huff curves defined over a finite field is enumerated. Finally, we present explicit formulae for the doubling and addition steps in Miller's algorithm to compute the Tate pairing on generalized Huff elliptic curves. We believe that generalized Huff curves are worthy of consideration in elliptic curve cryptography.
